UDC 62-50

ON DIFFERENCE APPROXIMATIONS OF
OPTIMAL CONTROL SYSTEMS
PMM Vol,.42, N2 3, 1978, pp, 431- 440
B, Sh, MORDUKHOVICH
(Minsk)
( Received October 29, 1976)

The approximation of continuous~time optimal control problems by sequences
of finite-dimensional (discrete-time ) optimization problems, arising from
difference replacement of derivatives,is investigated, Necessary and suffi -
cient condition for the convergence of discrete (finite difference) approxi-
mations with respect to a functional is obtained under minimal assumptions
and estimates of convergence rate are found, The results obtained permit the
justification of numerical methods for solving optimal control problems on a
computer and the investigation of a number of interrelated qualitative aspects
of the optimization of continuous and discrete control systems.

1, Statement of the problem. We consider the following optimal control
problem for systems of ordinary differential equations

r=f(x,u,t), x(,) =z, (1. 1)
u()e= U, te=T =t t] (1.2)
x (e CRY, t=T (1.3)

= @ (« (t) — inf (1.4)

The vector o & R” in(1.1) and the instants ¢y and #; are taken-as fixed, The
solution of problem (1,1) —(1,4) (for convenience we call it Problem A ) is sought in
the class of measurable controls g (t) and of absolutely continuous trajectories z (1),
where it is assumed that at least one admissible pair {z (f), u (¢)}, t = T exists,
We remark that a number of other optimization problems for systems of ordinary dif-
ferential equations with fixed and nonfixed time in the presence of phase and integral
constraints reduce to Problem A,

We approximate Problem A by a sequence of discrete-approximation Problems 4 x
obtained from A by a difference replacement of derivative ,* (f) at specified points of
partitioning of interval T. For each positive integer N we consider a difference parti-
tioning Ty = {t,, to -+ Ay - - s} of interval T with variable step A.n, k =

1,....,m(N), and asetof Gy () CR", t& T approximating constraint (1,3).
Problem 4, consists in the minimization of functional (1,4) under the following con-
straints:

Ty (¢ + k) = zn () -+ hnf (2w (2), un (2), ©)
k—1
an (fo) = 29, ¢ =g -+ Z hin, E=1, ..., m(N)

i=}

(1.5)
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uN(t)EU, tETN\t1=TN1 (1,6)
In(t)EGn (), teTy (1.7)
We introduce the notation
hy = max hxgy, Py=sup sup inf jz—3z|
1SkKm(N) teT x=G () zeG6(t)

where || - | is some norm in space R" The problem sequence {An}, N =1,
2,. . ..s called a discrete approximation of Problem Aif hy — 0 and ﬁN — 0
as N — oo. The setsequence{Gy ({)}, N =1,2,... ,iscalleda pN approx-
imation of set G (f) if

det L
Gn(t)D[G(t)]PN={xER": i%{t)"x—2"<pN}, N=1,2... (1,8)
ze

forall: t< T

The present paper's purpose is to find the conditions under which the optimal val-
ues of the functional being minimized in Problems A with large N are as close as
required to the optimal value of functional (1.4 ) in Problem A (the convergence A y

— A with respect to the functional) holds, On this we base a direct method of solving

optimal control problems with phase constraints connected with difference replacements
of derivatives and with passing to finite-dimensional discrete optimization problems,

The first similar investigations for a linear time-optimality problem were conducted
by Krasovskii [1]. Subsequent results in this direction are presented in [2— 8] and others
wherein a number of sufficient conditions are obtained for the convergence of discrete
approximations with respect to a functional for problems of the type being analyzed,
under various methods of approximating constraints (1, 2) and (1.3). In the present
paper we develop a new approach to the investigation of discrete approximations of
general optimal control problems and we have obtained a necessary and sufficient con-
dition for convergence A, — A with respect to the functional together with estimates
of convergence rate, The methods of the theory of existence of optimal controls [9]
are used to prove the theorems. The results obtained find application in the construction
of the approximations and in the proof by the scheme in [10] of the maximum principle
in nonsmooth optimal control problems with phase constraints,

2, Correct formulation with respect to extension, In what follows
we assume the fulfilment of the following general conditions on the parameters of the
problems being analyzed:

a) the control domain U is a metric compactum;

b) the sets G (1) and Gy (f) areclosedin R forall t < 7, and G (1) is
upper-semicontinuous at all points ¢ & (Z,, ;) not common for the sequence of
partitionings T'n', N > N;

¢) the admissible trajectories of Problems A and An, N > Ng4do not go out-
side a certain sphere S, = {z = R": || z || <7}, 0 <r <Coo,(sufficient con-
ditions for this are given in [9] );

d) the functions f (z, u, t) and ¢ (z) are continuousonsets Z = §, X

U X T and S, , respectively;
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e) the Cauchy problem (1.1), (1.2) has a unique solution,

Together with the original Problem A we consider an auxiliary optimal control
Problem B which is the Gamkrelidze - extension [ 9, 117 of Problem A: minimize func-
tional (1,4) on the set of measurable controls {&t; (1), u; (¢), i =1,..., n 4 1}
and of absolutely continuous trajectories x (), £, < ¢ <( f;, satisfying constraints
(1.3) in the following relations:

-1
&= 2]1 if (2, Wiy B), 2 (o) =2 (2.1)
n+1
@ (t) >0, 2’1 w(t)=1, w()sU(Q) (2.2)

te T, i=1,..,n-}1

By 14° 78° and IN°, N =1,2,... , we denote the minimal values of
functional (1.4 ) in Problems A, B and Ay respectively, Following [ 12], we say that
Problem A is correctly formulated with respect to extension if [,° = I5°. Correct
formulation with respect to extension is a natural property of control systems which is
violated, as a rule, only in special " poorly formulated” optimization problems.

A number of general conditions for correct formulation were obtainedin {13, 14] and
others (see [ 9], wherein broad classes of optimal control problems, correctly formulated

withrespect toextension , with a nonconvex set of admissible velocities have been distin-
guished, In particular, Problems A without phase constraints (1, 3 ), with the right-hand
side linear with respect to the state or one-dimensional , normal in the sense of the maximum
principle , etc, , are correctly formulated , It isshownbelow that correct formulation with
respect to extension is a necessary and sufficient condition for the convergence of discrete
approximations with respect to the functional. )

3. Approximations of continuous curves, Letus prove the possibility
of a uniform approximation of admissible trajectories of Problem A by a sequence of
corresponding trajectories of discrete systems, Let {zy (0, uy (t)} beadiscretepair
satisfying (1.5) and (1,6), For an arbitrary point ¢ < 7 we denote the elements of
partitioning T’y ., closest to the left and to the right of it, by ¢N and {~ and con-
sider the piecewise-linear continuation of trajectory an (¢) ontothe wholeinterval 7’

ay () = zn (V) - TJ‘W len @n) —zn @I —1tY), K<<t (B.1)
o

Theorem 3,1, Letconditions a) and c¢) —e) be fulfilled, Then for any tra-
jectory x (¢) admissible in(1,1) —(1.3) and for any choice of a sequence of parti-
tionings {TN}, N =1,2 .., , ofinterval T we can find a sub-sequence of discrete
pairs {zy (), un (£)}, N — oo and N & A, for which relations (1.5) and (1.6)
are fulfilled and continuation (3. 1) converges to & (¢) uniformly on 7.

Proof. We first consider the case when control ¥ (£) corresponding by virtue of
(1.1) and (1.2) to the selected trajectory & (f) is continuous at almost alt points of
interval 7 . From the function "u (f) specified we form the discrete controls Un (¢

=u(t), te< Iy, N =1, 2,. .. and we show that the corresponding sequence of
trajectories g (¢) of system (1.5) converges to x (¢) uniformly on 7' , By virtue
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of (1,5) and (3.1) we have
N () = fan V), un(@V),tY), t=T\Tn (3.2)

From the theorem 's hypotheses we conclude that the sequence {zn (£)}, t & T,
N =1,2,... ,is uniformly bounded and equicontinuous ;consequently , it contains a
uniformly convergent subsequence. By £* (f) we denote any limit point in C (T)
of the sequence {xn (f)}, N =1, 2. .. ,and we prove that z* (¢) = z (¢). We
consider the functions  phy (£) = f (zy (£¥), uy (tV), tV) on the whole interval T.
From the continuity almost everywhere on 7' of control p 3] and from the construc-
tion of the discrete controls 4y (f) it follows that the sequence {hy ()} converges
almost everywhere to the function f (z* (£), u (¢).1). Passing to the limit in

ay (t) =x0+S hy (7)dr, hSESH
to

and making use of Lebesgue's theorem on passing to the limit under the integral sign
[15], we find that function z* (f) is the solution of system (1.1) with u = u-(2).
The required equality 2* (1) =z (f) now follows from the uniqueness of the solution
of the Cauchy problem for (1,1) with u = u () ; this proves the theorem when con-
trol u (f) is continuous almost everywhere.

The general case of a measurable control u (#) is reduced to the one already
considered by using the following statement, Any measurable function u (f) satisfying
constraint (1, 2) can be approximated in the sense of convergence in measure by a se-
quence of functions ,continuous almost everywhere on 7 , with the same constraint,
In this connection the convergence of the corresponding trajectories is uniform,

To prove this statement we make use of Luzin's theorem (the C ~-property of
measurable functions) [15]. We consider an arbitrary sequence of positive numbers

& —> U, k=1,2,... ,and we find closed sets Ts, having the properties that
mes(T \ Te,) < 8 and that the restriction of function 4 (t) on Te, is con-
tinuous, The sét T \ T¢, canbe given as the union of a denumerable number of
nonintersecting intervals (&, Bj), 7 = 1, 2,. . . Let us consider the functions

u(t), t<Te, E=1,2,... (3.3)

u(azk) te (aakv ﬁ)k)v ] = 1 2.

From the forms of (3.3) we conclude that functions 4, (f) can be discontinuous only

atthe points ¢ = By, j=1,2. .. Inaddition mes {¢: up (£) % u ()} < &,

which ensures the convergence u; (t) ~> u (f) in measure. Thus, the sequence {u,
(1)}, & =1, 2,.., is the one desired, The uniform convergence of the corresponding

trajectories follows from Lebesgue's theorem [15],

uy (t) =

4. Convergence with respect to the functional, Letusstate and
prove the main result, viz., a theorem on the convergence of discrete approximations
with respect to the functional.

Theorem 4.1, Let conditions 2) — ) be fulfilled. Then for the sequence
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of partitionings {Ty} of interval T we can find a numerical sequence {py}, N — oo,
N & A, py — 0, for which the inequalities

Ig® < lim inf In®<Clim sup In°<CJ4° (4.1)
N—ow N=A N—oxc NeA

hold for any py- approximation {Gn (1)} ofset G () ,which guarantee the con-
vergence A4y — A with respect to the functional under the condition that Problem A
is correctly formulated with respect to extension. If function f (Z, 4, 2) satisfies the
Lipschitz condition in y onset Z = §, X U X 7, then the converse statement is
valid: the correct formulation with respect to extension of Problem A follows from the
convergence Ay — A4 with respect to the functional under any py~approximation of

set G (¢)

Proof, Let %k (O}, tr <<t t, k=1.2,... bea minimizing sequence
of admissible trajectories in Problem A. From the theorem's hypotheses we conclude
that sequence {z (¢)} is relatively compact in space C (7). Consequently,we can
find a subsequence from {zx (t}}, £ = 1, 2,. . ., converging uniformly on T' to the
absolutely continuous function 2° (¢) minimizing functional (1.4) in Problem A, Let

{Tnx}, N =1,2,. .., be any sequence of partitionings of interval T with the
maximal partitioning step %y — 0. Using Theorem 3.1we can select a subsequence
of discrete trajectories £y (), N — o0 and NV & A,admissible in (1.5) and (1, 6),
whose continuous extensions converge uniformly on T to the indicated limit z° (¢).

We consider an arbitrary sequence of discrete Problems A4y, in which the sets

Gy () form a py=~approximation of set G (t) and the numbers py are chosen
from the condition

pn > max ||2°() —zan @), on—0, N—o0, N&=A (4.2)
o<ty
Let us prove that relations (4, 1) are fulfilled for the sequence of Problems 4 y being
examined. At first we prove the validity of the inequality on the right in (4,1). We
assume that it does not hold, i.e., the inequality
lim Iy > 1,0 = ¢ (2°(t))
Nooo, NEA,

is fulfilled for some subsequence A, = {N} (_ A . Then for sufficiently large ¥ &

A1 we have

In°>> @ (zn (t) (4.3)

From the construction of Problems AN it follows that the trajectories zy (t) are ad-
missible in them since the inclusions

2y () E (G ()loy CGN (), teTy

are valid by virtue of (1,3), (1.8) and (4.2), Consequently, (4.3) cannot hold, i, e.,
the inequality on the right in (4, 1) is fulfilled.

To prove the inequality on the left in (4, 1) it suffices to show that the uniform
limit of the sequence of trajectories xy (f), t & 7 ,admissible in ProblemsAy is an
admissible trajectory of the extended Problem B, From condition b) it follows that the
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limit function x () satisfies constraint (1.3), Let us prove that the inclusion

L) R (z (1), 1) zf conv f (z (¢), U, t) (4.4)
fa U, t)={peRv=7F(z,ut), ues U}

is valid for almost all ¢ ¢= 7 . Here f(x, U, t) is the set of velocities admissible
in(l.1)and (1.2)and conv ¥V denotes the convex hull of set V. Using the theorem
on measurable selectors [9] we can deduce from (4.4 ) that the trajectory z () in
(2,1) and (2, 2) is realized by the measurable control {a,i @, u; (), i =1,...,
n+ 1}, i.e., is admissible in Problem B,

To prove (4.4) we take any ¢ > (J and we write the inclusion

N’ (t) = f(zy V), un V) M) [f (2 (1), U, 1)),

valid forall N > N, and for almost all ¢ & 7. The theorem's hypotheses let's

us conclude that the sequence {zn (£)}, N > N, ,converges to z" (f) weakly in

Lo (T). Applying Mazur's weak closure theorem [ 15] to the sequence , we find  that
z' (t) & conv [f(z (¢), U, t)], for any ¢ >> 0, i,e., the inclusion

Tty () conv[f(z(t), U, 1)l
20
is valid for almost all ¢ &= 7, To prove (4,4) it is enough to show that the equality
Rz, t)y= ) conv[f(z, U, (4.5)
&0

holds under the theorem ‘s hypotheses, Obviously, the left-hand side of (4,5) is con-
tained in the right-hand one, Let us prove the reverse inclusion, Let I’ be an element
of the set on the right~hand side of (4, 5), Then, for any numerical sequence g, | 0,

k= 1,2,.., we can find a sequence of vectors {o;", v;¥}, i =1, ..., n 1
and k =1,2,..., forwhich
41 &L (4.6)
U= 2 Gikvik, UikE [f (xy U, t)}aw aik> Oa 2 (Ii’1 =1
=1 t==1

By u;* we denote the points of set I, for which

1wk ) — v | e P=theoantbt k=1,2,... (¢.7)

Using the compactness of sets U, f (z, U, t) and P = {o; : o1 > 0, oy 4 s
4 ... < 0,3 = 1}, we pick out a subset of indices 4k}, k — oo, for which

uf—~u’eU, {0 —{0}=P, vFsvs, i=1..,041
Because of (4.6) and (4,7 ) we have

ni1
v = f(z,utt), i=1,...,n41, v= 3 u'f(zx,u’t)

‘i=1

which proves inclusions (4.4} and (4,5) and the inequality on the left in (4.1). Thus,
we have proved that inequalities (4.1) hold for any py- approximation of set G (f)
when the sequence {pn} is chosen in accordance with (4,2) and the correct formu-
lation of Problem A with respect to extension is a sufficient condition for the conver-



458 B, Sh, Mordukhovich

gence Ay — 4 with respect to the functional,

Let us now prove that the condition of correct forrmulation of Problem A with res-
pect to extension is also necessary for the convergence Ay — A4 with respect to the
functional for any pwn- approximation of set @ (t). We assume that Problem A is not
correctly formulated with respect to extension, i.e., Ig° <<Ia’. Underthe theorem’s
hypotheses , an optimal trajectory z°(f) exists in Problem B, which can be approxi -
mated uniformly onT by a sequence of absolutely continuous functions Zy (£) satis~
fying together with certain measurable controls Uy (¢} the constraints (2.1) and (2.2),

kE=1,2,...[911], Using Theorem 3.1 we form the sequence of discrete tra -
jectories {xy (£)}, Ne= A and N — oo, whose continuations (3.1) converge to

Z°(t) uniformiy on T , We choose numbers P& from (4.2) and we consider the
comesponding sequence of Problems AN forming the pn- approximation of Problem
A, Using the preceding arguments, we arrive at the relation

v ¥ TS

by virtue of which the Problems 4y being examined do not converge to A with res~-
pect to the functional,

Notes, 4.1, The Lipschitz condition in the proof of necessity in Theorem 4.1
was required in order that the trajectories admissible in Problem B could be approximated
by admissible trajectories in (1.1), (1.2}, The latter assertion is valid under more
general assumptions ensuring the uniqueness of the solution of the Cauchy problem in
(2.1), (2.2).

4,2, An analogous theorem on the convergence of discrete approximations with
respect to the functional is valid under other (more precise ) methods of difference ap-
proximation of the derivative.

5, Estimates of the approximation and of the convergence
rate, Letus find the conditions under which we can effectively estimate the quanti-
ties P~ in Theorem 4.1 and the rate of convergence Ay — A4 with respect to the
functional, By pu (2, y) we denote the distance function in space [J,

Theorem 5,1. In addition fo conditions a) — e) we assume that function f (z,
4, t) satisfies on Z a Lipschitz condition in all variables with a constant L;, and
that an optimal control u°(t) ,continuous almost everywhere, exists in Problem A,
with the following property : for a specified sequence of partitionings {7 N} of interval
T we can find a nondecreasing function @(n}), 0 <C n << oo, lim w(n) = w(0) = 0.
and a number N, for which n-0

pr (@ (1), W) < 0 (t — V), N> N, (>

is valid for almost all ¢ & 7', Then as the {pn}, N = 1,2, ... ,in Theorem 4,1
we can take any sequence of positive numbers satisfying the condition

on = Mikn + Myo (hy), on—0, N-—oo (6.2)

(M = YoLyT (1 + 1) exp (L1, My = LT exp (LT

p= max [|[f(r,u,0)])
{(x,u, 1)=Z
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If function @ (x) satisfies a Lipschitz condition on §, with constant L, then the
upper bound

— LoMihy < Iy — 1a° < LoM by + LMo () (5.3)

is valid for the rate of convergence Azy = A yith respect to the functional. The
lower bound in (5, 3) is automatically fulfilled under conditions a} ,¢), G () = R
and the validity of the Lipschitz conditions on functions @ and f in (g, ¢).

Proof, From the constructions in Theorerns 3.1 and 4, 1 it follows that under the
assumptions made the desired sequences {pn} are chosen from condition (4.2) where-
inas z°(f) we can take the trajectory of (1. 1), corresponding to the optimal control

u°(t), being examined,and as zy () we can take the solutions of system (1,5),
corresponding to the disciete controls gy, @) =u"{@), tes Iy, N =12, ..

Let us estimate the difference Aty = | 2° (1) — =& (#) ||. By virtue of (3,2),
{5.1) and the theorem's hypotheses we have

A<

A T

(), v (), 1) — Flzw (P}, un” (), ) {ldr <<
t t

Ly S A(vydr + Ly § pus (20 (v), w2 (+¥)) d +
5 iz
t

L+ 1) (v — ) v L

to

i
< Ll (n+ 1) by

for sufficiently large N(N >> N,o} and all £ & T, Using the Bellman — Gronwall
lemma {4], we obtain the inequality

A <PRLT (0 + 1) hx + LiTo (hy)] exp [L,T]

from which follows (5,2), It is clear that trajectories xxy (I} are admigsible in Prob-
lems 4, for any choice of sequence {pn}, N = 1,2, .., ,from(5,2), By virtue
of this we have

A()dT + L;To (hy) -+

Pt T

Iy — 1 < @ (an (1) — @ (2° (1)) < LgA (1)

which ensures the upper bound in (5.3}, To prove the left inequality in (5.3} we con-
sider the sequence of pairs {z~°(¢), uy°(#)} optimal in Problems Ay and the tra-
jectories zV (f) of continuous system (1.1), corresponding to the controls

aN{t) = uy® {tY), HL<IS<h, N=12... (5.4)

By virtue of (1.1), (1.5) and (5.4) we have

-

Ayt = e (1) — 2 () <\ 1 (o (%), (47), £9)

G

-

&
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4
— 1N (0), un® (1), )t < Ly \ As ()t + - LT (1) By
fo -
From the Bellman — Gronwall lemma follows the inequality

Ar(ty) << ValyT (i + 1) by exp [L, 7] .5
The lower bound in (5. 3) now follows from (5.5) and the relations
IN® —14°> @@V (1)) — 14" — LoAr (1) > — LA (tr)

Notes. 5.1, In the hypotheses of Theorem 5,1 there is the assumption that in
Problem A exists an optimal control, continuous almost everywhere with a specifed
modulus of continuity which occurs in bounds (5,2) and (5.3). Thus, the upper bound of
the convergence rate directly in terms of the parameters of Problem A is connected with
the effective conditions for the existence of optimal controls in specified classes of
"accessible " functions, (See survey [ 9] for existence theorems of this type),

5.2, The methods developed in the present paper enable us to obtain analogous
results on the convergence of discrete approximations for certain types of problems with
mixed constraints on (z, u). In particular,if the control domain U = U (=, t) depends
continuously on both variables , then an analog of Theorem 4,1 is valid under an appro-
priate vy, -approximation of set I/ (x, #). If set U (x, 1) satisfies the Lipschitz condition,
then by analogy with Theorem 5,1 we can estimate the quantities vy and the rate of
the convergence A — 4 with respect to the functional.

REFERENCES
1, Krasovskii, N,N,, On a problem of optimal control , PMM, Vol, 21,N0. 5, 1957,

2, Ermol'ev,lu,M,and Gulenko, V.P., A finite-difference method in optimal
control problems, Kibernetika,No,3,1967,

3. Budak,B.M., Berkovich,E.M, and Solov'eva,E,N,, On the convergence
of difference approximations for optimal control problems. (English translation
Zh, Vychisl, Mat, Mat Fiz,, Pergamon Press, Vol,9, No.3,1969.

4, Gabasov,R,and Kirillova,F.M,, Qualitative Theory of Optimal Processes.
Moscow, "Nauka", 1971,

5, Moiseev, N,N,, Numerical Methods in the Theory of Optimal Systems . Moscow,
"Nauka", 1971,

6, Cullum, J,, Finite-dimensional approximations of state-constrained continuous
optimal control problems. SIAM ], Control, Vol.10,No.4, 1972,

7, Kbhler, M,, Explicit approximation of optimal control processes, In: Bulirsch,
R,, Oetti, W, and Stoer,J. (Eds), Optimization and Optimal Control. Lect,
Notes ,Math,, Vol,477.Berlin — New York, Springer — Verlag, 1975,



10,

11,

12,

13,

14,

15,

Difference approximations of optimal control systems 461

Budak, B.M, and Vasil'ey, F,P,, Some Computational Aspects of Optimal
Control Problems, Moscow, Izd. Mosk. Gos,Univ,, 1975,

Mordukhovich, B,Sh,, Existence of optimal controls, In: Contemporary
Problems in Mathematics, Vol,6, Itogi Nauki i Tekhniki, Moscow, VINITI,
1976,

Mordukhovich, B,Sh,, Maximum principle in the problem of time optimal
response with nonsmooth constraints , PMM, Vol, 40,No, 6, 1976,

Gamkrelidze, R.V,, On optimal sliding states, Dokl, Akad.Nauk SSSR, Vol,
143, No,.6, 1962,

Ioffe,A,D,and Tikhomirov,V,M,, Duality of convex functions and extre -
mal problems, Uspekhi Mat, Nuak, Vol.23, No.6,1968,

loffe,A,D,, Generlajzed solutions of systems with control. Differents,Uravn,,
Vol.,5, No,.6, 1969,

Warga, J., Optimal Control of Differential and Functional Equations. Moscow,
"Nauka", 1977,

Dunford, N,and Schwartz, J,T., Linear Operators, Pt. I: General Theory,
New York, Interscience Publ,, 1958.

Translated by N, H,C,




